4. Limits and Continuity

In this lecture, we will discuss

e Limits
o Review of limit for f : R — R.
o Limit of Functions of Several Variables
o Limit of a Vector-Valued Function
o Limit Laws

e Continuity
o Review of continuity for f : R — R.
o Continuity of Functions of Several Variables

o Properties of Continuous Functions

« General remark before we start.

e The formal definition of the limit of functions uses the (€, §) language. We will state that for strictness
throughout our notes, but we will not bother with proofs using this language in our course. You will revisit
it later and learn more about the proofs in your first real-analysis class.

e The examples in the notes are related to some of your WebWork homework. The correspondence are
indicated.


Mobile User


Limits

We first review what is a limit of a real-valued single variable function and its properties. Then, we generalize
those notions to real-valued and vector-valued functions.

Review of limit for f : R — R (Real-valued single variable)

Definition Limit of a Function of One Variable
A function f : R — R has limit L as « approaches a, in symbols lim,_,, f(z) = L, if and only if for any given
number € > 0 there is a number § > 0 such that

0<|z—al]<d implies |[f(z)—L|<e.

One-side limit

Example 0. Let g() is the function given by the graph below.

2 [ N

What are the values of lim g(z), lim g(z), lim g(z), lim g(x), and lim g(z)?
z—1" z—1" z—1 xz—0 z—2

“hs x—1 jm"‘ Lej-t (bt wot eouals 40 1), we hove j(ﬂ—~> 3.
Thus [im jcx} =3

t>1"

- AS x = 1 ~{~rofv\ Yijh‘ﬁ (/)W( not e%ma\g “o i), we LIIM/Q, j(X)—>2

Thas lim ZC*) =2

X >7t
- he i gix) £ [im ooy, lim 3(><) oloes ot exist (D/\]E)
x3|" 9(_)1+ X>4

~A

=~ For lim jfﬂ), we have  |im j(x): lian gexy £ [imn giq) = 4

RS>0 *=0 XS0 X 0%

- Sw‘mu‘(wm ) We }W’UQ /'lM =4

X= 2
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Limit Laws

Assume f(z) and g(z) are functions on R and lim f(z) and lim g(x) exist. Let z be any constant. Then
r—a T—a

« lim(f(z) + g(x)) = lim f(z) + lim g(z)
 lim(f(z) — g(2)) = lim f(z) — lim g()
- limcf(z) = ¢ lim f(z)

« lim(f(z) - g(x)) = lim f(z) - lim g()

e lim f(z) _ lime o f(z) if lim g(x) # 0

z—a g(a:) o lim,_,, g(a;) r—a

Next, we will generalize the limit to the real-valued and vector-valued functions.

Limit of Functions of Several Variables

Definition. Open Balls in R™
The open ball B(a,r) C R™ with center a = (a1, - . ., @) and radius 7(r > 0) is the set of all points x in
R™ whose distance from a fixed point a is smaller than r. In symbols,

B(a,7) ={x e R™| |[x —a| <},

where x = (21,...,&,) and ||x — a|| = \/(:1:1 — ) 4 (B — am)®

For example,

e InR?, the open ball B((1, 3),2) contains all points in R? whose distance from (1, 3) is strictly smaller
than 2.

e InR?3, the open ball B((1,0,1),1) contains all points in R® whose distance from (1, 0, 1) is strictly
smaller than 1.

e InR, the open ball B((2), 1) contains all points in R whose distance from 2 is strictly smaller than 1.

Note it is simply the open interval (1, 3).
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lim f(x) =L

X—a

or

O<|x—a| <é

Definition. Limit of a Real-Valued Function of Several Variables
Let f: U C R™ — R be a real-valued function of m variables. We say that the limit of

f(x) = f(z1,...,xm) asx = (x1,...,%,) approaches a = (aq, ..

lim
(Z1ye - s Zm)—(a1y- - 5am)

if and only if for every e > 0 there is a number § > 0 such that x € U and

implies

.y Q) is L, in symbols

f(mla”'?xm):[h

[f(x) — L] <e.

Remark. Notice that when m = 1, we recover precisely the definition of the Limit of a Function of One Variable

we recalled earlier in the notes.
Example 1 (Related to WebWork HW #9 and 10)

Find the limit, if it exists, or explain why if it does not exist
. 2xy j: ﬂf — [R_
lim ———
(2,9)(0,0) 222 + y?
Mg: Note we Gn not simply substitute
CxMJ): (0,0) indo -he "M“c*"vn, since I Jh/es
o)

—

0.
To show the “MH oloes not exist, we UR

4he loleon  dlis cussed on the [&fc-
- First, WFPOSQ (x,ﬁ)% (0,0) a/anj the
A-0kis, Ts ﬁ=0 a(onj the PHQ we

:WJAMUQ (I‘M l:'yl - ll‘M
(xﬂ‘,])a(o,o) )x‘fj x>0

LSS

0
2K>

—_

()

— Then , we “uke o Iine zf_—,mx %Arooyh Hhe
m.‘gin.
I)'M 2:—44: ' )M}(y — 2m
(X P200) lﬁ‘*jz x5p AR+M R 2w
Since the value ol@rzncls oNn o.ny m € R

H Afollows {het dfﬁarem Cﬁ)ro&(wa j;‘ue
o/'rﬂawwf reaw(t, the [fimt  cdoes not

oxist -

iR R f:RSR

M A / L
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T« b of s ¥ X 1|
L*e: 4o /
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L ¥
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Limit of f
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point / A e oS

>
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Limit of a Vector-Valued Function

)
Definition Limit of a Vector-Valued Function T - ]JLM-—» /,Qh

Let F(x) = (Fi(x),..., F,,(x)) be a vector-valued function of m variables, and let a = (ag, ..., a.,) and
L = (L4,...,L,). We say that the function F(x) has limit L as x approaches a, and write limy_,, F(x) = L
,if and only if

lim Fy(x) = Ly,...,lim F,(x) = L,.
X—a

X—a

In other words, the limit of a vector-valued function is computed componentwise:

lim F(x) = (}1{152‘ Fi(x),..., lim Fn(x)>,

X—a

provided that all limits on the right side (and those are limits of real-valued functions) exist.

Example 2 (Related to WebWork HW #3)

e —1 t3  sin3t
Find the limit of the vector-valued function F(¢) = att = 0.

ANS %} Ahe erVFOMS 0&/][, we. hnow
- 3 ‘
i Tt = Jim ( el _¢ Sun3t )

40 450 \ T A4t T 1
>t 3
e - S | Sin3t
— o & _AIv
) (L? I fn =% J

A‘l)
Use L' Hospiel Bule s we krow v I

6 ~ 1
« L'Hépital's rule I | ™

L'Hépital's rule states that for functions f and g which ‘L ‘t

are differentiable on an open interval I except =0

possibly at a point ¢ contained in I, if lim f(z) = ~t | 7

T

. | _ o (8

lim g(z) = 0 or 00, and g'(z) # Oforall zin I = /l ™ e

z—cC ; ,

z ) —=
with & # ¢, and lim f,( )limz o 11) exists, then 4= 0 ’6
Z-be ;1;) g'(z)

i 1) o Pe)

bYenk

T g(®) R (@) S

+—=>0 |
4’ I £
\ = [ - ‘ ~
le;g AR e D Jc/'-ZZ' ‘-1 7



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


[im

{=0

Thus

5103t [ HochM

3 (0t

v 14>0
/r 9)
e o

im T)- (0, -1, 3)

+>0


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Limit Laws

The computation of a limit can be simplified by using the limit laws.

Theorem 1. Limit Laws

Let F, G : R™ — R", f,g: R™ — R and assume that lim F(x), liin G(x), liin f(x) and limy ., g(x)

X—a
exist. Then
@) hgn(F(x) + G(x)) and hin(F(x) — G(x)) exist and

)lclirél(F(x) + G(x)) = iﬂF(X) + lim G(x).

X—a

(b) lim f(x)g(x) and limy_,, ¢F(x) (for any constant ¢) exist, and
X—a

lim (f(x)g(x)) = (lim f(x)) (lim g(x)) and lim(cF(x)) = clim F(x).

f(x)

(¢) If limy 5 g(x) # 0, then lim exists, and
x—a g(x
A Lien Jples)
im = — .
zoa g(z)  lim g(z)

(d) For anya € R™ and any constant ¢ € R",

limx=aand limc=c.
X—a X—a

In part (d) the symbol ¢ denotes the function F : R™ — R™ given by F(x) = cforallx € R™,
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Example 3 (Related to WebWork HW #6)

Find the limit.

2 .9
(1) lim T Y

@0)=200 /(2 — 2 +1) - 1
ANS* W€ f”fﬁ Todionalize {ho  dano minoton

i (et ) (oo 1)
(Xj:])—ﬂo,o)( jJr ,) '\/-x—jT- ’H)
= I'm (T ) (g 1)
(xnj)—-)(o,o) %M%

= lim W + | :JIO—O‘fl +1 =)

x4) > (0.0)
. zly ~
P enon = £ K= rros
ANS : ‘/té/?“ﬂ the t)OZOW coordimet e -
y = ysmQ

>(0,0), Vv —=>0. we hawe

L (reosh) roind
Y20 7 (- st
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Continuity

Review of limits for f : R — R.

Definitions of continuity

Recall that a function f : R — R is continuous at x = a if and only if
1. lim f(z) exists,

r—a

2. fis defined at a, and
3. lim f(z) = f(a).

e Afunction f is continuous on an interval (¢, d) if it is continuous at every point a in (¢, d).

e Afunction f is continuous on a closed interval [c, d] if itis continuous on (¢, d) and lim f(z) = f(c) and
T—cC

lim f(z) = f(d).
x—d
Recall Example Qwhere g(z) as the following graph.

1A x=0, if_;ggcﬂ + 9

BN TAVEES l‘l’}‘ o DN L.

3 At X=2, gcz) i not . — N
olefined l/ /2 =

By definition, we know g(z) is not continuous at points 0, 1, 2.

Properties of Continuous Functions

If f(x) and g(z) are continuous at any real value c over the closed interval [a, b, then the following are also
continuous at any real value c over the closed interval [a, b] :

o f(z) +g(z)

o f(z) —g(z)
* f(2)9(z)
f(z)

,as long as g(c) # 0.
g(x)

The composition of continous functions is also continuous:

Let f: A — Randg: B — Rwhere f(A) C B.If fis continuous at ¢ € A and gis continuous at f(c) € B,
thengo f: A — R is continuous at c.
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Examples of Continuous Functions

e Polynomial Functions (23 + z% + 3, 222 + 4z, etc)
e Trigonometric Functions in certain periodic intervals (sin x, cos x, tan x, etc.)
e Exponential Functions (e?*, e 13%)

e Logarithmic Functions in their domains (In(1 + 3z), logs 6z, etc.)

Next, we will generalize the definition of continuous functions to the real-valued and vector-valued functions.
Continuity of Functions of Several Variables

Definition. Continuity of Functions of Several Variables
Afunction f : U C R™ — R is continuous at x = a if and only if
1. lim f(x) exists,

X—a

2. fisdefined at a, and
3. lim f(x) = f(a).
X—a
We say that f is continuous on a set U (or just f is continuous) if and only if it is continuous at all points in U.

A vector-valued function F = (Fy, ..., F,) : U C R™ — R"is continuous if and only if its components
F;,i=1,...,n,are continuous.

Remark. When n = m = 1, we recover our definition for f(z) to be continuous.
An Example of a Function Not Continuous at z = 0.
The following graph of f(x,y) = arctan(y/z) is not continuous at points where z = 0. If you have

Mathematica installed, you can type the following code to get a 3D plot.

1  Plot3D[{ArcTan[y/x]}, {x, -1, 1}, {y, -1, 1}]
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Example 4 (Related to WebWork HW #9)

Consider

ly
fay) = { (@) # (0,0)

0 if (z,y) = (0,0)

. x
(1) Show that  lim Y does not exist.
(2.9)—(0,0) 2t + ¢

) Is f(z,y) continuous at (0,0)?

ANS: (1) We me Hh ioleo OliSCMng,c[ n E(D«VV\[DLQ /_{
AA \

ﬂcﬂl “Fl‘rs-t, We  choose  the Ollp/wooncl’\ Dn(OV\] y'mﬂ?.

0 > (thet 5 x=0), we have

/fW\ o =D

lim o\:—ff z v -
(ﬂ)fj)%om f ﬁ)b :'] I

- TI’UM we. CAOOQQ the O\ID/Jmotc/\ a/owj the /"Vle

g: m& ,Fhen
Y 3
\ %)
I'M . /(4 = /)\VV\ :VIK)' = /l'm 7(1 x,}_: ®)
(‘Kﬂ)ﬁ(OJO) )&%— +ﬁl <D0 A +mM ;(l X0 T+ .

P there sl ove  plner Wo,yg 4o affmafh o (0,0 |

ljc we ()ﬁpmﬂtclfk e f)m’w’f Cx,y) Dtéonj e
F;mbo(o «(7:&2/ we have

2 4— &%

[’yvl X /14 - A _ ,iM K ____J
(Y)j;_”O:O) Xln”f {(_:\;\ <P+ x* Kéoj,x‘f 5
flus e ¥ erent inbacs @/ ,:;;;1 /7‘ we Choose
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Digression on using computer software to plot the function f(z,y).

2
We can also use the computer to check the behavior of the function f(z,y) = a:‘*x——i—yyz' For example, we can
use the following Mathematica code to get the graph of f(z,y) and its contour curves with some pre-chosen
a:2y
values of z = S 3
Tty

1 (*Graph of f(x,y)*)

2 Plot3D[{(x"2*y)/ (x4 + y*2)}, {x, -1, 1}, {y, -1, 1},

3 PlotTheme -> "Scientific"]

4  (*Contour Curves of f(x,y) for certain vlues of z=f(x,y)*)

5 ContourPlot[{x"2*y/(x"4 + y*2) == 0.1, x"2*y/(x"4 + y*2) == 0.2,

6 x"2*y/(x"4 + y*2) == 0.3, x"2*y/(x"4 + y*2) == 0.4,

7 x"2*y/(x"4 + y*2) == -0.1, x"2*y/(x"4 + y"2) == -0.2,

8 X"2*y/ (x4 + y*2) == -0.3, x"2*y/(x"4 + y*2) == -0.4}, {x, -3,

9 3}, {y, -3, 3}, PlotLegends -> "Expressions"]

We get the following graphs after running the code. Note that it is hard to tell from the first graph what
happens to f(x,y) near the point (z,y) = (0,0). The second contour graph suggests the limit of f(x, y) does
not exist at the point (0, 0).

3
:;%’2-01
- x:%-o.z
— xi:z-o.a
— :T:Z=o.4
— xj:’z=-o.1
— %Lo.z
B A
i xj:’z=-o.4
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Properties of Continuous Functions

The continuous functions behave as we expect:

Theorem 2. Properties of Continuous Functions

LetF,G: U CR™ — R"(n>1)and f,g: U C R™ — R be continuous ata € U. Then
(a) the functions F + G, defined by (F + G)(x) = F(x) + G(x), are continuous at a.

(b) the function cF, defined by (cF)(x) = cF(x), is continuous at a.

(c) the function fg, defined by (fg)(x) = f(x)g(x), is continuous at a.

(d) the function f/g, defined by (f/g)(x) = f(x)/g(x), is continuous at a, if g(a) # 0.

Theorem 3. Continuity of Composition of Functions
letF: U CR™ — R™and G : V C R" — RP be such that the range F(U) of F is contained in the
domain V of G, so that the composition G o F is defined. If F' is continuous at a and G is

continuous at b = F(a), then G o F is continuous at a.

Exercise 5 (Related to Webwork HW #7)

Find the largest set on which the function f(z,y) = \/:B + 3y + \/w — 3y is continuous.

ANS: We meed o T:‘V\d the gt Guch  thet
LD’“’\ ,\|~>{+5 ool ,,}X—S'g ore  cont paong

Thoet i SENEL ]f Yz-%
g
set
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Exercise 6 (Related to Webwork HW #1)
The following question is a review of the limit of functions R — R.

The graphs of f(z) and g(x) are given below. Use them to evaluate each quantity listed. Write DNE if the limit
or value does not exist (or if it's infinity).

e \ f(w). / \ \ olz)

lim, 3~ [f(2)g(z)] =
lim, 3+ [f(z)g(z)]
f(g(3)) =2

lim, o~ [f(z)g(z)] = 3
f(3)/9(3) = |

lim, 5+ [f(x)/g(x)] = S
limg o+ [f(2) + 9(2)] = &
f3)+4(3)= 2
lim, 3+ [f(z) + 9(z)] = ¢
lim, o+ [f(g(2))] = 3

- f(9(2)) =0

- f(2)9(2) = -3

0
3

X N Uk WS

— e
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=== =T ==
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i T T i i +
= - - =
S = 8 8
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= = 2 pRee
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| = — !
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8

- f3)9(3) =
- f(2)/9(2) = -3
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22. lim, 2 [f(z) + g(2)] = &
23. f(2)+g(2)= 2
24. lim, o [f(2)/g(x)] = 3
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